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Abstract 

A problem posed in a remark by Pauli is discussed: is it possible to 
recover the state vector of a quantum system from the distribution 
functions of the physical observables of this system ? 


Dedicated to the memory of M.K. Polivanov 

Is it possible to recover the state vector of a quantum-mechanical object 
from the distribution functions of measured observables in this state ? This 
rather naturally posed problem leads to complicated mathematical problems 
that are not currently amenable to solution. We restrict ourselves here to 
some simple observations and a precise formulation of the corresponding 
mathematical problem. 

The possible states of a non-relativistic spinless particle are described 
by one-dimensional subspaces of complex Hilbert space • Kinemat¬ 

ically, one can specify (’’measure”) the distribution functions of the coordi¬ 
nate operator x, the momentum operator p, the angular momentum opera¬ 
tor L = X X p, and the operator of one of its projections We denote by 


1 


a basis of common eigenfunctions of the operators L^, Ly and expand 
the state vector [j = 1, 2, ^|^j G (R-^)] with respect to this basis; 


We assume that 


a. 


(^) 


a. 


(^) 

i2 


Wj = 2^ ah' e; 




2=1 


for all i, X, p, where 

^(p) = 


\'lplix)\ = \i^ 2 {x)\, Iplip) = i) 2 {p) (1) 


'ip{x) exp(ip*x) dx. 


(27r)3/2 7 r3 


Does it follow from the relations (1) that [l]-[4] V'l = P £ C? Varying 
z/, we can divide this problem into the two following problems. 

First, it is necessary to describe the set of solutions 

{zAIV’G l2(r3), \^(a;)\=Wi{x), mp)\=W2{p)} (2) 

for fixed functions PFi and IF 2 . This formulation of the problem is due to 
Pauli ([5], p.l7). 

Second, it is necessary to consider self-adjoint operators A^, 1 < 12 < m, 
in a finite-dimensional Hilbert space ?f(~ C"'). We assume that 


Ai/Ciif — Xii/ Cii/-, 1 ^ ^ U, Xii/ G C, 


for bases {ei;y|l < i < n} of the space 7i. 

Let 

n 

X = '^aiy{x)eiy, aiy{x)eC, xeTC. 

2=1 

How can one describe the set 

A{b) = {x: \aiy{x)\ = hiy, l<z<n, l<z^< m} 

for fixed b = bi^^ In particular, under what conditions on < 12 < m} 

is the solution of these equations unique [in P"'“^(C)], i.e., when x,y G 
A{b) y = ax, a G C? 

We do not know exhaustive answers to these questions, and restrict 
ourselves to the following remarks. We refer the interested readers to the 
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cited literature, in which the physical formulation of the problem and other 
results are given. 

We begin with the finite-dimensional problem. In this case the following 
theorem holds [6]. 

Proposition 1. In the case m = 3, n > 9, one of the sets A{b) contains 
for some b at least two different solutions. 

Proof. Suppose otherwise; then the solution is unique. Therefore, the 
mapping 

X \aiy{x)\, 

defines a continuous embedding of CP"^“^ in the sphere . (Without 

loss of generality, it can be assumed that = 1, for 1 < < 3). 

Since 3n — 1 > (3/2)(2(n — 1) + 1), there exists a differentiable embedding 
of CP”“^ in 53n-i therefore, by the well-known theorem ([8], p.390) 

3n — 1 > 4(n — 1) — 2Q;(n — 1), (3) 

where a{k) is the number of ones in the binary expansion of k. For n > 9, 
the inequality (3) does not hold. 

In particular, this theorem shows that the distributions of the three 
projections of the spin do not uniquely determine the spins state of the 
system for sufficiently large (in absolute magnitude) spins. 

The second observation is as follows. We choose an odd prime p and 
consider the space of functions 

X = {f\f:Z/pZ^C}. 

It is clear that X ~ C^. We take two bases: 


{(5„| 0 < n < p - 1}, {Xa\Q <a<p-l}, 


where 


Let 


5n{m) = 


0, n 7 ^ m 


f 2'Kiam\ 


^ ; X,(m)=exp - . 

1, n = m, \ P J 


f’ai'ni) = exp 27rz 


am 


P 


It is clear that ifa ^ X, and therefore 

p-i 


0 < a < p — 1. 


p-i 


'fa — ^ ( baj 5j , fa — ^ ( Caj Xj , 


j=0 


j=0 
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with 


i^aj £ C , Caj £C, 0 ^ CL, j ^ p 1. 

Proposition 2. For I < a < p — 1, we have \caj\ = ^l^/p, \baj\ = 1 for 
any j. 

Proof. It is clear that baj = ipaU) and 

1 P-i _ 

Caj = - ^ ifaim) Xj{m). 

P m=0 

Therefore 

\caj\‘^P^ = ipaim) Xj{m)'ipa{n) Xj{n) 

0<n,m<p—l 

a{m?‘ — n^)\ 

~P J' 

Introducing a new variable of summation, we obtain 
|cailV = Xj(k)Xj(-k(2n + k)) 

0<k,n<p—l 

= W^X,{k) Y. X,{2kn)=p. 

0<k<p—l 0<n<p—l 


E 

0<n,m<p—1 


Xj{n — m) exp ( 27ri 


We note the following infinite-dimensional analog of Proposition 2. We 
set 

faix) = exp(iax^), 


so that 



It is clear that the distribution functions |/a(x)|, \fa{p)\ do not depend on 
a for a G R. Unfortunately, however, fa 0 L^(R). This example was 
proposed by Aharonov [9]. It was noted quite long ago [1], [10] that if one 
sets |V'(x)| = p(x), ip(x) = p(x) exp(i(p(x)) and defines the function 'ifi{x) 
by 

ifiix) = p{x) exp(-i(/?(-x)). 


then 


V’i(p) = — / p{x) exp{—ip{—x)-\-ipx) dx 

Y 27r J —oo 

1 

= — / p{—x) exp(—z(/?(x) — ipx) dx 

v 27r J —oo 
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and therefore V'i(p) = V'(p) if p{~x) = p{x). 

Thus, choosing ip in L^(R), we find 

p{x) = p{—x) for X G R ^ |V'(a;)| = |V’i(3j)l) 

\ip{p)\ = |^i(p)| for x,pGR. 

Despite the fact that, except for this example, we have not obtained any 
results in the case X = L^(R), one of us advances the following conjecture; 
Conjecture (A.M. Perelomov). Let ip, f G L^(R). Suppose that 
= \f{x)\, \^p{p)\ = \f{p)\ for almost all x,p G R. Then f = aip, or 

f = aipi for some a G C. 

In the general case, X = L^(R^), the considered example shows that 
\ip{x)\ = \ipi{x)\, |^(p)| = |^i(p)| 

for almost all x, p G R^, where 

ip{x) = ipo{\x\), ipi{x) =ip{x), ipoeL'^pR), |x|:= ^xf H-hxf. 

Therefore, in general it does not follow from the relations (1) that ipi = I3ip2 
for some /3 G C [1] (since the angular momentum is zero for spherically 
symmetric states). 

In conclusion, we describe the subset of the set (2) that consists of Gaus¬ 
sian exponentials. We begin with the following simple remark. 

Lemma . Let ip G L^(R^) and C G GL(/,R). Setting ipc{x):= ip{Cx), 
we have 

^c{p) = \detC\-^ip{{C-yp) 

and 

\\ipc\\ = |detC'r^/2||V’||. 

Proof. We have 

i’cip) = / V'(C'x) exp(ip*x) dx 

JR* 

= I det (71“^ (27r)“^'^^ / ip{y) exp{ip^C~^y) dy 
JR* 

and, in addition. 


\\f’cf=[ \HCx)\'^dx = \detC\ ^ \\ipf 

JR* 
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We now set 


V’(a:) = a exp ^“2 ’ a £ C, A = A^, A G GL{1, C) 

assuming that ReA is a positive-definite matrix. Let A = Ai -\- i A 2 , Aj £ 
GL{l,'R), A^j = Aj for j = 1,2; since the matrix Ai is positive definite, 

C‘AC = / + diag(Ai,...,A/) 

for same G £ GL{l,C). Therefore 

\^{p)\ = b exp , Bi = diagipj,.. .,pf), 


and 0 < //j < 1 for 1 < j < 1. Thus we set 


Wi{x) = TT exp ^ , W 2 {p) = vr exp Bij^ , 


choosing 


so that 


h = Ii]^^Pj, Ri = diag(^i,...,/if), 


V’(x) = ITi(x) exp 2 Mxj , V’(p) = W2{p) exp ip* i?2pj • 

The real symmetric matrices Ri, A2, B2 satisfy the relations 

{I + iA2){Bi+iB2)=I, 


Bi — A2B2 = /, A2B1 + B2 = 0 . 

Thus, it is sufficient to find all (in fact symmetric) solutions of the equation 
^2 = C for C = (/ — Bi)Bi^ or G = diag (..., (1 — pj) ...). It follows 
from this that the general solution for our problem has the form 

A2 = (T* Da, D £ C, O'* = a~^, aBi = Bia, 

where the set 


£:= {diag(... ,Aj,...)|A2 = (1 - p‘])Pj‘^, l<j<l] 
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contains precisely 2* elements. In other words, the set of solutions decom¬ 
poses into 2* orbits of the group G = {a\a G 0{l), aBi = Bia}. 

As a simple example (the idea is due to Kontsevich [11]), we consider 
the set of functions 


setting 

where 


{V’a|V’( 7 (a;) = V’o(o'x), a G 0 ( 3 )}, 
V’o(x) = aexp(— q;i|x|^ — ia2{xi -|- — x|)), 


ai > 0, a2GR\{0}, x G R^. 

It is clear that 


IV'<t(x)| = |V'o(x)|, \^a{p)\ = \^o{p)\ 

and V’o- £ i^^(R^) for any u G 0(3); in particular, it can be seen that the set 

(2) can be infinite. 

One of the authors (B.Z. Moroz) had the possibility of discussing the 
questions considered here with colleagues. We take this opportunity of ex¬ 
pressing our deep gratitude to them. We are especially grateful to Y.Aharonov, 
A.Connes, M.L. Gromov, F. Hirzebruch and M.L. Kontsevich, who made 
some important remarks. 
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